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The hypervirial theorem was first introduced for bound-state systems and, subsequently, extended to
one-electron scattering problems. In this paper electron-atom collisions are considered and the appropriate
form of the hypervirial theorem is derived. Its relation to the original formulation is discussed. Application
is made to the electron-hydrogen problem. Both elastic and inelastic collisions are investigated.

I. INTRODUCTION

HE classical and quantum-mechanical hypervirial
theorems were first derived by Hirschfelder! for
bound-state systems. From them an infinite family of
exact relations may be deduced, the usual virial theorem
being a particular member of this class. Some applica-
tions of the hypervirial relations have already been dis-
cussed.?™* Classically, they are useful in determining
the equation of state for liquids ; quantum mechanically,
they are useful, among other things, in determining the
constants in an approximate wave function and in im-
proving expectation values.

Recently, Robinson and Hirschfelder® have shown
that hypervirial theorems may also be derived for free
systems. They considered the simplest possible scatter-
ing problem, the scattering of electrons by a central
potential. Both classical and quantal formalisms were
employed and in some instances the compatibility of
corresponding results was demonstrated using the semi-
classical approximation. Epstein and Robinson® have
also reported that variational wave functions, optimized
in accordance with Kohn’s variational principle,” satisfy
hypervirial theorems. Consequently, such theorems
should be useful in selecting such approximate functions
in order to obtain accurate phase shifts or scattering
amplitudes.

The object of the present paper is to extend the
hypervirial theorem to situations in which the scattering
center has an internal structure. In Sec. II the theory is
developed in general terms for collisions between elec-
trons and N-electron atoms. The specific applications
discussed in the subsequent sections are to the electron-
hydrogen problem. In Sec. ITI exchange effects are
neglected and some relations derived for elastic colli-
sions. The effects of the Pauli principle are discussed in
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Sec. IV and analogous relations derived. More compli-

cated inelastic collisions are investigated in Sec. V,

exchange effects being first neglected, then included.
Atomic units are used throughout.

II. THEORY

The hypervirial theorem for systems obeying the
laws of classical mechanics was derived using the classi-
cal equation of motion in terms of the Poisson brackets.
The quantum-mechanical equivalent was derived using
the Heisenberg equation of motion.! Consider an atomic
system consisting of N+1 electrons labeled by sub-
scripts 4. The wave functions ¥ (r,- - -,ry41,f) describing
this system satisfy the usual Schrédinger time-inde-
pendent equation

H‘I/(l'l, e er+17i)=E\I/(rly' o 7rN+1)t) ) (1)
with
N+1
H:—% Z V¢2+V(l‘1,"‘,r1v+1), (2>

=1

where V denotes the total electrostatic potential energy.

Suppose W is an arbitrary time-independent operator
and ¥,,, ¥, are eigenfunctions satisfying Eq. (1) with
eigenenergies E, and E,. Then?

d n
—d——/ W, WV . dr= —-i/\I/m*[W,H]\I'nd'r
t .
=i(Em—En)/\I/m*W\I/ndr. 3)

Except where otherwise stated, it is to be assumed that
the volume integration is over the volume space of all
the electrons.

For bound systems the falloff with distance in the
wave functions is usually sufficiently rapid to ensure
a finite value for the expectation value of W.
Consequently,

/ VAW, H W dr=0. 4)

This is the hypervirial theorem for bound-state sys-
tems.! The hypervirial relations are deduced by allow-

8 L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com-
pany, Inc., New York, 1955), 2nd ed., p. 140.
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1590 M. B.
ing the operator W to assume specific values. In scatter-
ing problems, however, the expectation value of W will
not, in general, be finite. This is demonstrated in the
Appendix for scattering of an electron by a central
potential. Consequently, an alternative derivation for
the hypervirial theorem must be used.

We note that if ¥, and ¥, are degenerate solutions of

the Schrédinger equation (1) with associated eigenvalue
E, then

(H—-E)¥,=(H—E)¥,=0. ()
Hence,
/ W¥,(H—E)¥dr= / W,\W(H—-E)¥dr. (6)

Consider now

/‘I’ltH—E, W]\Psz=/‘If1(H—E) (W\Ifz)d‘r

Using (6), the right-hand side of (7) may be rewritten as
/‘I’l(H—E)W‘Ilng— / (W¥,) (H— E)¥dr

- / (T H (W05 — (W) HYydr ()

and since
/\p1V<fl,‘ c e ,l'N_H)W‘I’sz

- / WLV (11, ey ) Tndr,  (9)

we have

/ V\[H—E, W¥udr

“%Z /{\I’lvi2(W\I’2)_(W\I’z)viz‘lﬁ}dT. (10)

Assuming that W¥. is a well-behaved function through-
out the space r;, so that Green’s theorem can be applied,
we obtain

/{\P1V;2(W‘I/2)— (W\Pg)Vf\Ifl}dT
=/d7'7,’/ {\I/1V1(W\I/2)— (W‘I’z)vz\lfl} ng, (11)
S

where the volume space 7 refers to the space of all the
electrons other than electron 7. This enables us to write
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the hypervirial theorem in the form

/\I’l[H—E, W]‘I’sz

=—1y / dr{ / {U.V(W¥g) — (W) Vily} - dS;.
i Si
(12)

If W commutes with E, then this reduces to

/‘I’]LH, W:"I’zd‘l‘

=—32 / dr/ / (U V(W) — (W¥,)V T} -dS,.
[3 S;
(13)

In the subsequent sections these relations will be
applied to electron-hydrogen collisions. In this case
they become

/ / V\[H—E, W Ndr
1 r
= —‘E/ d71/ {‘I’1V2(W‘I’2)— (W‘I’g)Vg‘I’l} 'd82
S

1
*E/dTQ/ {\I/1V1(W\I/2)— (W‘I’z)VﬂI’ﬂ dSl (12')
Sy

and
//‘I’ltH, W:]\I’ng

1
= —E/d’n/ {‘I’1V2(W\I/2)— (W‘I’g)Vz‘I’1} dS2
Sz

1
—E/dfzf {‘I’lvl(W‘I/g)_ (W\I/g)Vl\Ill} d81 (13’)
S1

III. ELASTIC SCATTERING WITHOUT EXCHANGE

The wave equation for the system, incident electron
plus target hydrogen atom, is

{V12+ V22+2E+2/1’1+2/7’2— 2/1’12}\1/(1'1,1'2)2 0 ,

where the incident electron is distinguished by the suffix
1, the atomic electron by the suffix 2. For the time being,
the effects of electron exchange are neglected.

We may expand the wave function ¥(ry,r.) in the
form

(14)

W (ry,12) =S (1) Fo(ry).

Here the large .S indicates summation over discrete
states and integration over the continuum. The func-
tions ¥, (rs2) are solutions of the Schrédinger equation

(15)
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for a hydrogen atom:

{ViE+2e,+2/r}Ya(r)=0.
Substituting (15) in (14) and using (16) gives
{Vi*+k2} Fo(ry)

(16)

) / (i—l)wn,rzm*(rz)dn, ()

Y12 71

where k, is the wave number for a free particle with

energy (E—e,) and is defined by
kat=2(E—e). (18)

Now, substituting for ¥, using (15), in (17) we obtain
an infinite set of coupled equations for F,(ry):

{V12+kn2}Fn(r1)ZZSmUanm(rl) ’ (19)
where
1 1
Unm= /‘I’n*(m) <—_—">‘I/n(r2)d72' <20)
12 71

We require solutions to (19) subject to the asymptotic
conditions

Fn(rl)’\"rl_leik"”fﬂ (01;¢1) ) n7#0

. . (21)
Fn(l'l)’\’elko' ”+7’1_181k°”f0(01,¢1) , n= 0.

To solve (19) it is necessary to use some approximate
method of procedure. In the distorted-wave approxima-
tion nondiagonal matrix elements are assumed small
and on the right-hand side of (19), all matrix elements,
except those associated with the initial state m=0, are
neglected. This gives

{VP+ki2—2U wn} Fa(r1) =2U nolFo(11)

{V2+ki—2Uo0} Fo(r1)=0. (22)
The first of Egs. (22) is equivalent to taking
W (11,12) = F o (r1)¥n(12) +Fo(r)yo(rz) (23)
in (17); the second is equivalent to taking
W (r,12) =Fo(ri)yo(r2) (24)

in the corresponding equation for F,. The Born ap-
proximation is equivalent to replacing ¥ (ry,r) in (17)
by a plane wave e’ 71, It is interesting to note that if
the distorted-wave approximation is valid then the
elastic scattering is the same as that due to a static
center of force with potential® U .

We shall now derive hypervirial relations for elastic
scattering assuming the wave functions to be given by
(24). The major concern is to choose values for the
operator W such that the right-hand sides of Egs. (12')
and (13’) are finite. Following Robinson and Hirsch-

®H. S. W. Massey, in Handbuch Der Physik, edited by S. Fliigge
(Springer-Verlag, Berlin, 1956), Vol. 26, Atoms IT.
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felder, we first of all choose

i} 0
I/V:fr*‘*—ko‘-“,
(91'1 I¢] 0

(25)

and since W in this case does not commute with the
energy E, we use the hypervirial in the form (12).
We assume the degenerate eigenfunctions for the com-
plete system are ¥y(ry,r2) and ¥s(ry,rs) defined by

\I/i(n,rz) =F,® (l‘l)lpo(l'2),
with asymptotic form
W~ {eiko(") ~r1+rl—leiko<")nf0(g(i)’¢(i))}¢0(r2) (27)

for large r;. Since the eigenfunctions are degenerate
we know that the vectors ko® and ko® have equal
magnitude, ko, but different directions. Consider now
the right-hand side of (12’). The first term is trivially
zero due to the fast falloff for ¥o(rs). The second term
must be more carefully examined. Consider first the
integral over the surface Sy at infinity. Since the opera-
tor W acts only on Fy® we can rewrite this as

(26)

lim/ {WE®VFyO—~F,OVWF,®}-dS, (28)
81

S1->00

and use the asymptotic forms for the F’s defined by
(27). We obtain

aFo(l)

d
—Fo(l)"—(WFo(2)) = exp[ikgrl(l—i—cosﬁ(“)]
61‘1 67’1

WE,®

d
Xﬁ—[kofo @) Wik (1—cosfd D) —r2} . (29)

Proceeding now in a manner similar to that outlined
in the Appendix we find

{WF0(2)V1F0(1>—'FO(I)V1WF0(2)} dSl
Sy

d
='—47T'— k() olm— N 30
dkOE fo(mr—v)], (30)

where v is the angle between ko® and k¢®. The volume
integration gives unity, since yo(re) is assumed nor-
malized. Hence, we have

_/_/¢0(r2)ﬁ‘0(1)(r1)[H~E, W]\Po(l'z)Fo(Z)(n)dﬁdh

d
= —~21r;]:[k0f0(7"—7):] . (31)

0

We note that using (18),

v
[H—E, W¥r=— { V12+k02+r1——}\11, (32)

71
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where V is the potential energy defined by
V= - 1/71—1/7'2+1/1’12.

Hence, (31) may be rewritten in the form

//'Po(l‘z)Fo(” (r1)

1%
X[V12+k02+71—-]¢0(r2)F0<2) (ry)drdry

71

(33)

d
= 27r(—ik—o[kofo (r—v)] (34)

and using (22) and (20) may be further simplified to
give

N
/Fo(l) (r1)[2U00+1’1

61’1

]Fu@) (rl)dT 1
2 ’ [kofo(m—7)]. (35)
= Trdko oj(; T™TY)]. N

This is exactly the hypervirial relation derived by
Robinson and Hirschfelder® for scattering by a central
potential Uqg. It had also been previously derived by
Demkov?® using Hulthén’s variational principle and
constitutes the usual virial relation. It is instructive to
consider the particular case where ¥1=¥,*, Then y==
and (35) reduces to

AU
/1"0*(1’1)[2 Ugotr1 :lFo(rl)dTl

71

d
= 27"53;[}30](0(0)] . (36)

This might be interesting in certain connections if used
in conjunction with the theorem which states that the
total elastic cross section is equal to 4w/k, times the
imaginary part of the forward scattering amplitude
f0(0). It is also important in that it provides a check
on our general derivation of the hypervirial theorem
since (36) was previously derived by Robinson and
Hirschfelder® for one particle scattering by a central
potential.

It should also be pointed out that any choice of
operator W which yields convergent integrals for central
potential scattering should also do so in the present
context. Consequently, we might adopt for W powers
of (r10/0r1—kod/dks) or rie=*"19/dr,. With the latter
choice for W both the surface integrals in (12') are
found to be zero. An entire family of such operators is
available, and each can be used to generate a new
hypervirial relation.

IV. ELASTIC SCATTERING INCLUDING EXCHANGE

The form of the wave function in the theory of elastic
scattering including exchange is usually approximated

10Y. N. Demkov, Dokl. Akad. Nauk S.S.S.R. 89, 249 (1953).
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in the following manner.® We have seen in (15) that
the total wave function ¥(ry,rs) can be expanded in
the form

W (11,15) = Fo(r)yo(r2) + & (11,15) (37)

where ®(r;,12) represents the totality of all the scatter-
ing waves. Alternatively, we might expand ¥ (ry,r.) as

U (11,12) = S2Ga(r¥n(r1)
where G,(r;) has the asymptotic form

Gr(ts)~rslethnr2g, (0;)  (rs large). (38)
If we now expand ®(ry,r;) in the form
®(r,r2) =S,Gu' (r2)¥n(r1), (39)

we should expect® that Go=G\’ and we might write
W (11,12) = Go(r2)o(r1) +Fo(r)do(r2) +¢.

Neglecting ¢ we should have a fair approximation to
the total wave function. It is well known® that the dif-
ferential cross section for elastic collisions independent
of the approximation is defined by

10)=%1£0(0)+g0(0) [*+1[ fo(6) — £o(0) |7,

the weighting factors 3:1 being a consequence of the
Pauli principle.

We shall now consider the derivation of particular
relations assuming the total wave function to be ade-
quately represented by (40). Choosing W'=719/9r
—kod/dk, as before, the integral over the surface Sy is
found to be infinite. Instead, we use a symmetrized form
for W given by

(40)

(41)

d
Ws=r—-+rs——ko—. (42)
(91’1 61’2 ako
Also, for simplicity we assume
\I’l(rl,rz)=\I’2(r1,rz)=\ll(r1,r2) . (43)

A. Integration over S,

Substituting in (12") we find that the integral over
the surface S, is given by

/ (LFo (0 (22)+Go(ra) o (1)

X VoW s[ Fo(r)yo(r2)+Go(ra)do(ry)]
— W s[Fo(r)yo(r2) +Go(r)do(rs)]
X Vo[ Fo(r)o(r2)+Go(ro)ve(ry) 1} - dS,.

Because of the asymptotic form of ¥ (rs) this reduces to

(44)

/ {Gn(!'2)¢o(rl>v2["ils[cu(r2)¢o (rl>]

— WS[GO (12)\00(fl)jvzl:Go(rz)llfo(rl)]} -dS,. (45)
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Similarly, the integral over the surface Sy becomes

/ (Fo (0000 (t) VTV s Fo (00 (1)
WPt e (1) VAL Fo(r)do(r) T} -dSy.  (46)

Consider now the integral (45). Using the form of
Go(r2) given by (38) we obtain

9

—[Go(ro)o(r1)]

(91’2
= (1) [ikory e *2g o (02) — 1520280 (6,) ].
Also,

(47)

<’2ai - koi) [Go(r2)o(ry) ]

Y2 0.

9
=—¢o<r1>r2—1eikm[go<og>+kof] (48)

0

and
9 o
7’1*‘[00(1’2)1//0(1‘0:':7’160(1'2)-‘—*. (4-9)
ary Jr:
Hence,
W s[Go(x2)0(11) ]
) o dgo
=y, lgtkor2 [ r1—go—¥o(r1)go(02) — koo (r1)— } (50)
37’1 ko
and
0
—Ws[Go(ra)ypo(ry) ]
(91’2
Mo 980
= { 71——80(02) —¥o(11)g0(02) — koo (11)— }
71 ak()
X {ikoryletkor2—yy~2gikor2} - (51)

Substituting now in (45) using (47), (50), and (51) and
noting that terms of order 7= and 7.~ vanish in limit
of large 7, we find that (45), the integration over S,
is identically zero.

B. Integration over S;
Consider now (46). If we define
d d
WI =¥y ko—— y
Ir 1 aku

the integration over Sy, using Ws=W’'+7,9/dr;, may
be rewritten as

(52)

/ {Fo<r1>¢o<r2>v1W'[Fo<n>¢o<r2>]
8

i)
+F0(r1)¢0(r2)r25~V1EF o(r)o(rs) ]
()

—W'[Fo(r o (1’2)]V1EF0 (r)n (1'2)]

—rzFo(rl)?V{F(}(rl)%(1'2)] -dS; (53)
18
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and, consequently, reduces to

/ EA ) VIV P10 (x2)]
— W LFo(r)vo(re) JViLFo(r)¥o(r2) 1} -dS;.  (54)

Using (30) we now obtain for (44), the integration over
S1,

d
+47rd—kol:ko fo(m)]. (35)

Thus, the hypervirial relation corresponding to Wg is

' av oV
// ‘]/(1'1,['2){V|2+k02"'—1’1—+72— \I/(l’l,l’z)dTlliTz

71 o7y
dr Chfo(e)]. (56)
= dekg[ ofo(m 1.

Provided it is properly symmetrized, any operator
W used in Sec. III can also be used in the present dis-
cussion. Consequently, we can again deduce a family of
hypervirial relations.

V. INELASTIC SCATTERING

We shall now show that the hypervirial theorem de-
rived in Sec. II is applicable equally well to inelastic
as to elastic collisions. We choose the approximate form

Wi (11,10) = Fo O (1) (12) +F D (1) (r2) - (57)

for the total wave function. As seen in Sec. 1II, this
corresponds to using a distorted-wave approximation.

The integral over the surface S» in (12’) is again
zero due to the rapid falloff in the bound-state hydrogen-
atom wave functions. Also y(rs) and ¥, (r2) are orthog-
onal. Hence, (12’) reduces to give

//‘IlltH—E, W ¥odridre

1
=— / {WEV W —Fo OV (WFy®)}-dS,
Sy

1
—|—§ {WF,L<2>V1Fn<1>—Fn(l)VI(WFn@))}-dSl.
J S
' (58)

In choosing a particular operator W we must be
careful to ensure that both the surface integrals in
(58) are convergent. Our choice is, in general, more re-

stricted for inelastic collisions. For example, the
operators
d g J 9
W=7’1—’—:|:k0—“, 1’1—:i:kn y
(91’1 ako ary 6kn
i) 9 ]
Tlﬁﬂ:ko—ﬂ:kn'—“ (59)

(97’1 ako a n
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and all powers of these are now excluded. It is conveni- is divergent, where ¥;(r) and ¥.(r) are degenerate

ent instead to consider operators of the form wave functions with asymptotic form
d . .
W=reorn—, a>0. (60) ¥ (r)~exp(ikr cosh;)+r1 exp(ikr)f(8:;) (A2)
dry and

The exponential factor now ensures convergence and
the surface integrals in (58) both give zero. To allow
for exchange effects, we might write ¥ (ry,rs) as

W=r3/dr—kd/dk. (A3)

It will be sufficient to consider the integral (A1) over
U (ry,12) = Fo(r)¥o(rs)+Fo(r)n(rs) all space outside a sphere of radius R, where R is suffi-
G 1) +G, (r). (61 ciently large for the wave functions to assume their
Mo+ Gulrla(ry). (61 asymptotic forms. Then
As before we can generate hypervirial relations by

choosing properly symmetrized forms for the operators W¥s(r)= —r' exp (ikr)i[k £(02)] (A4)
W ok

It should be emphasized that although the hyper- and
virial theorem (12) is exact, all the particular relations )
derived are approximate. The degree of accuracy is Wi*(r)WWy(r)=—7r" exp[ikr(1—cosby) |—[kf(6:) ]
determined by the accuracy of approximate forms ok
adopted for the total wave function ¥(ry,rs). In the P
present discussion we have used the distorted-wave —r2f*(0,)—[kf(6:)]. (AS5)
approximation, but clearly analogous relations might ok
be derived for any given approximate function.
We now expand f(0) in a series of Legendre polynomials
as
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APPENDIX

d an
We wish to show that the integral ?[k f(02)]=2(214-1) exp (Zinl)iPz(cosﬁg). (A7)
d ! ad
J= /‘I’l*(r)W\I’z(l’)dT (Al)
Also
exp (—zkr cosf) = (kr) 3 (2141) (—4)! sin(kr—37l) P1(costy) . (A8)
l

Thus, s
—r~1 exp[2kr (1— cosfy) jﬁ[k 1(02)]

o
=—Fkr2exp(tkr) 3 (214+1)2U4-1) (—2)V exp(Zim)a—k: sin (kr—31xl")Pi(coshy) Py (cosf;). (A9)
NG

In order to carry out the angular part of the integration we define a set of coordinates axes at 0, the scattering
center, such that the coordinates of a point r on the unit sphere are (©,®). Denote by (0,%;) the corresponding
coordinates for the unit vectors &;. Then substituting in (A9) using

2 n
1’1(cos¢97;)=2l— S Pr(cos®)Pr(cos®,) exp[im(@—®;)], (A10)

m=—n
where P;m is the normalized associated Legendre polynomial, we obtain

4 om - _
—l; exp(tkr) > (—9)¥ exp(Zim);}; sin(kr—3wl") P (cos®) P ™ (cos®)
7 Ly

m,m’

X Pim(cos@2) Py (cos®,) exp[im (d—®,) ] exp[im’ (@;—®)]. (All)
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Integrating now over © and ®, only !'=/ and m’=m contributes, and (A11) reduces to

8w
— 3> (=12)! exp(sz)—- exp (ikr) sin (kr—7l) Py (cos®1) Pim(cos®,) exp[im (®1—®,) ]. (A12)

kr lm

Again using (A10) and (A7) gives

4r on
=— }:—2 > exp(2im) (—2) 21+ l)a—kl sin (kr— 3l) exp (¢kr) Pi(cosy)
%

2w
=;—’ 3 exp (2ins) (2i+ 1)%-’:[(~ 1)? exp(24kr)—1]Pi(cosy) (A13)
72

P
2w I ) 271 0
=—2_ exp(2in) (2141)— (—1)" exp(2ikr) Pi(cosy) —— —[kf(v) ],
kr? 1 ok kr? ok

where v is the angle between k; and k,. Consider now the second term in (AS5). Using (A6) and (A7) this may be
rewritten as

1 0
Z, (214+1) 204+ 1)[exp(—24n)— 1]:;1]; exp(2in:) Pi(cosfz) Py (cosdy) . (A14)

2ikr? 1

Proceeding as before, using (A10) and integrating over (©,®), we obtain

4
-}; ZZ —[ exp (2in)+1]P(cos®,) P (cosO,) exp[im (@;—d,) ]
ikr? Lm
2
= Z [1"6XP(2mz)]P1 (cosy) (2i+1)= —k— Z —(21+1)Pz(0057)+— —[kf(v)]- (A15)
iky? 1

Combining (A13) and (A1S5), the entire volume integration now reduces to
Tl “
]=—k— > / 3}; 214-1)Pi(cosy){exp(2in) (—1)! exp (2ikr)— 1} dr. (A16)
! Jr

Clearly this is infinite.



